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DECAY OF SOLUTIONS OF WAVE-TYPE
PSEUDO-DIFFERENTIAL EQUATIONS OVER p−ADIC
FIELDS
W. A. ZUNIGA-GALINDO
Abstract. We show that the solutions of p−adic pseudo-differential
equations of wave type have a decay similar to the solutions of classical
generalized wave equations.
1. Introduction
During the eighties several physical models using p−adic numbers were
proposed. Particularly various models of p−adic quantum mechanics [14],
[16], [24], [25]. As a consequence of this fact several new mathemati-
cal problems emerged, among them, the study of p−adic pseudo-differential
equations [11], [25]. In this paper we initiate the study of the decay of the
solutions of wave-type pseudo-differential equations over p−adic fields; these
equations were introduced by Kochubei [12] in connection with the problem
of characterizing the p−adic wave functions using pseudo-differential oper-
ators. We show that the solutions of p−adic wave-type equations have a
decay similar to the solutions of classical generalized wave equations.
Let K be a p−adic field, i.e. a finite extension of Qp. Let RK be the
valuation ring of K, PK the maximal ideal of RK , and K = RK/ PK
the residue field of K. Let π denote a fixed local parameter of RK . The
cardinality of K is denoted by q. For z ∈ K, v(z) ∈ Z ∪ {+∞} denotes the
valuation of z, and |z|K = q
−v(z). Let S(Kn) denote the C-vector space of
Schwartz-Bruhat functions over Kn, the dual space S′(Kn) is the space of
distributions over Kn. Let F denote the Fourier transform over S(Kn+1).
The reader can consult any of the references [9], [25], [26] for an exposition
of the theory of distributions over p−adic fields.
This article aims to study the following initial value problem:
(1.1)

(Hu) (x, t) = 0, x ∈ Kn, t ∈ K
u (x, 0) = f0 (x) ,
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where n ≥ 1, f0 (x) ∈ S(K
n), and
(HΦ) (t, x) := F−1(τ ,ξ)→(t,x)
(
|τ − φ (ξ)|K F(t,x)→(τ ,ξ)Φ
)
, Φ ∈ S(Kn+1),
is a pseudo-differential operator with symbol |τ − φ (ξ)|K , where φ (ξ) is
a polynomial in K [ξ1, . . . , ξn] satisfying φ(0) = 0. In the case in which
φ (ξ) = a1ξ
2
1+ . . .+anξ
2
n, H is called a Schro¨dinger-type pseudo-differential
operator ; this operator was introduced by Kochubei in [12]. For n = 1 the
solution of (1.1) appears in the formalism of p−adic quantum mechanics as
the wave function for the free particle [24]. The problem of characterizing
the p−adic wave functions as solutions of some pseudo-differential equation
remains open.
Let Ψ (·) denote an additive character of K trivial on RK but no on P
−1
K .
By passing to the Fourier transform in (1.1) one gets that
|τ − φ (ξ)|K F(x,t)→(τ ,ξ)u = 0.
Then any distribution of the form F−1g with g a distribution supported on
τ − φ (ξ) = 0 is a solution. By taking
g (ξ, τ) = (Fx→ξf0) δ (τ − φ (ξ)) ,
where δ is the Dirac distribution, one gets
(1.2) u(x, t) =
∫
Kn
Ψ
(
tφ (ξ) +
n∑
i=1
xiξi
)
(Fx→ξf0) (ξ) |dξ| ,
here |dξ| is the Haar measure of Kn normalized so that vol(RnK) = 1.
In this paper we show that the decay of u(x, t) is completely similar to
the decay of the solution of the following initial value problem:
(1.3)

∂uarch(x,t)
∂t
= iφ (D)uarch (x, t) , x ∈ Rn, t ∈ R
uarch (x, 0) = f0 (x) ,
here φ (D) is a pseudo-differential operator having symbol φ (ξ). In this case
(1.4) uarch (x, t) =
∫
Rn
exp 2πi
(
tφ (ξ) +
n∑
i=1
xiξi
)
(Fx→ξf0) (ξ) dξ
is the solution of the initial value problem (1.3). If φ (ξ) = ξ21+ . . .+ ξ
2
n, i.e.
φ (D) is the Laplacian, uarch (x, t) satisfies
(1.5)
∥∥∥uarch (x, t)∥∥∥
L
2(n+2)
n
≤ c ‖f0‖
L2
,
(see [22]). If n = 1 and φ (ξ) = ξ3, uarch (x, t) satisfies
(1.6)
∥∥∥uarch (x, t)∥∥∥
L8
≤ c ‖f0‖
L2
,
(see [13]). We show that u (x, t) satisfies (1.5), if φ (ξ) = ξ21 + . . . + ξ
2
n (see
Theorem 5.2), and that u (x, t) satisfies (1.6), if φ (ξ) = ξ3 (see Theorem
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5.3). For more general symbols we are able to describe the decay of u (x, t)
in Lσ
(
Kn+1
)
, however, in this case the index σ is not optimal (see Theorem
5.1). The proof is achieved by adapting standard techniques in PDEs
and by using number-theoretic techniques for estimating exponential sums
modulo πm. Indeed, like in the classical case the estimation of the decay
rate can be reduced to the problem of estimating of the restriction of Fourier
transforms to non-degenerate hypersurfaces [20]; we solve this problem (see
Theorems 4.1, 4.2) by reducing it to the estimation of exponential sums
modulo πm (see Theorems 3.1, 3.2). These exponential sums are related to
the Igusa zeta function for non-degenerate polynomials [6], [10], [28], [29].
More precisely, by using Igusa’s method, the estimation of these exponential
sums can be reduced to the description of the poles of twisted local zeta
functions [6], [28], [29].
The restriction of Fourier transforms in Rn (see e.g. [20, Chap. VIII])
was first posed and partially solved by Stein [8]. This problem have been
intensively studied during the last thirty years [2], [20], [22], [27]. Recently
Mockenhaupt and Tao have studied the restriction problem in Fnq [15]. In
this paper we initiate the study of the restriction problem in the non-
archimedean field setting.
The author thanks to the referee for his/her careful reading of this paper.
2. The Non-archimedean Principle of the Stationary Phase
Given f(x) ∈ K [x], x = (x1, . . . , xm), we denote by
Cf (K) =
{
z ∈ Km |
∂f
∂x1
(z) = · · · =
∂f
∂xm
(z) = 0
}
the critical set of the mapping f : Km → K. If f(x) ∈ RK [x], we denote by
f (x) its reduction modulo π, i.e. the polynomial obtained by reducing the
coefficients of f (x) modulo π.
Give a compact open set A ⊂ Km, we set
EA(z, f) =
∫
A
Ψ(zf (x)) |dx| ,
for z ∈ K, where |dx| is the normalized Haar measure of Km. If A = RmK
we use the simplified notation E(z, f) instead of EA(z, f). If f(x) ∈ RK [x],
then
E(z, f) = q−nm
∑
x mod πn
Ψ(zf (x)) ;
thus E(z, f) is a generalized Gaussian sum.
Lemma 2.1. Let f(x) ∈ RK [x], x = (x1, . . . , xm), be a non-constant poly-
nomial. Let A be the preimage of A ⊆ Fmq under the canonical homomor-
phism RmK → (RK/PK)
m. If Cf (K) ∩ A = ∅, then there exists a constant
I(f,A) such that
E(z, f) = 0, for |z|K > q
2I(f,A)+1.
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Proof. We define
I(f, a) = min
1≤i≤m
{
v
(
∂f
∂xi
(a)
)}
,
for any a ∈ A, and
I (f,A) = sup
a∈A
{I(f, a)} .
Since A is compact and Cf (K) ∩A = ∅, I (f,A) <∞.
We denote by a∗ an equivalence class of RmK modulo
(
P
I(f,A)+1
K
)m
, and
by a ∈ RmK a fixed representative of a
∗. By decomposing A into equivalence
classes modulo
(
P
I(f,A)+1
K
)m
, one gets
E(z, f) =
∑
a∗⊆A
q−m(I(f,A)+1)
∫
Rm
K
Ψ
(
zf
(
a+ πI(f,A)+1x
))
|dx| .
Thus, it is sufficient to show that
∫
Rm
K
Ψ
(
zf
(
a+ πI(f,A)+1x
))
|dx| = 0 for
|z|K > q
2I(f,A)+1.
On the other hand, if a = (a1, . . . , am), then
f
(
a+ πI(f,A)+1x
)
− f (a)
πI(f,A)+1+α0
equals
m∑
i=1
π−α0
∂f
∂xi
(a) (x− ai) + π
I(f,A)+1−α0 (higher order terms) ,
where
α0 = min
i
{
v
(
∂f
∂xi
(a)
)}
.
Therefore
(2.1) f
(
a+ πI(f,A)+1x
)
− f (a) = πI(f,A)+1+α0 f˜(x)
with f˜(x) ∈ RK [x] , and since Cf (K)∩A = ∅, there exists an i0 ∈ {1, . . . ,m}
such that
(2.2)
∂f˜
∂xi0
(a) 6= 0.
We put y = Φ(x) = (Φ1 (x) , . . . ,Φm (x)) where
Φi (x) =
{
f˜(x) i = i0
xi i 6= i0.
Since Φ1 (x) , . . . ,Φm (x) are restricted power series and
J
(
(y1, . . . , ym)
(x1, . . . , xm)
)
=
∂f˜
∂xi0
(a) 6= 0,
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the non-archimedean implicit function theorem implies that y = Φ(x) gives
a measure-preserving map from RmK to R
m
K (see [10, Lemma 7.43]). Therefore∫
Rm
K
Ψ
(
zf
(
a+ πI(f,A)+1x
))
|dx| =
Ψ(zf (a))
∫
RK
Ψ
(
zπI(f,A)+1+α0yi0
)
|dyi0 | = 0,
for v (z) < − (I (f,A) + 1 + α0), i.e. for |z|K > q
I(f,A)+1+α0 , and a fortiori∫
Rm
K
Ψ
(
zf
(
a+ πI(f,A)+1x
))
|dx| = 0,
for |z|K > q
2I(f,A)+1 and any a. 
Theorem 2.1. Let f(x) ∈ K [x], x = (x1, . . . , xm), be a non-constant poly-
nomial. Let B ⊂ Km be a compact open set. If Cf (K) ∩ B = ∅, then there
exist a constant c (f,B) such that
EB(z, f) = 0, for |z|K ≥ c (f,B) .
Proof. By taking a covering ∪i (yi + (π
αRK)
m) of B, EB(z, f) can be ex-
pressed as linear combination of integrals of the form E(z, fi) with fi(x) ∈
K [x]. After changing z by zπβ , we may suppose that fi(x) ∈ RK [x]. By
applying Lemma 2.1 we get that E(z, fi) = 0, for |z|K > ci. Therefore
(2.3) EB(z, f) = 0, for |z|K > max
i
ci.

We note that the previous result implies that
EB(z, f) = O(|z|
−M
K ),
for any M ≥ 0. This is the standard form of the principle of the stationary
phase.
3. Local Zeta Functions and Exponential Sums
In this section we review some results about exponential sums and Newton
polyhedra that will be used in the next section. For x ∈ K we denote by
ac(x) = xπ−v(x) its angular component. Let f(x) ∈ RK [x], x = (x1, . . . , xm)
be a non-constant polynomial, and χ : R×K −→ C
× a character of R×K ,
the group of units of RK . We formally put χ(0) = 0. To these data one
associates the Igusa local zeta function,
Z(s, f, χ) =
∫
Rn
K
χ(acf(x))|f(x)|sK | dx |, s ∈ C,
for Re(s) > 0, where | dx | denotes the normalized Haar measure of Kn. The
Igusa local zeta function admits a meromorphic continuation to the complex
plane as a rational function of q−s. Furthermore, it is related to the number
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of solutions of polynomial congruences modulo πm and exponential sums
modulo πm [5], [10].
3.1. Exponential Sums Associated with Non-degenerate Polyno-
mials. We set R+ = {x ∈ R | x ≧ 0}. Let f(x) =
∑
l alx
l ∈ K[x],
x = (x1, . . . , xm) be a non-constant polynomial satisfying f(0) = 0. The
set supp(f) = {l ∈ Nm | al 6= 0} is called the support of f . The Newton
polyhedron Γ(f) of f is defined as the convex hull in Rm+ of the set⋃
l∈supp(f)
(
l + Rm+
)
.
We denote by 〈·, ·〉 the usual inner product of Rm, and identify Rm with its
dual by means of it. We set
〈aγ , x〉 = m(aγ),
for the equation of the supporting hyperplane of a facet γ (i.e. a face of
codimension 1 of Γ(f)) with perpendicular vector aγ = (a1, . . . , an) ∈ N
n r
{0}, and σ (aγ) :=
∑
i ai.
Definition 3.1. A polynomial f(x) ∈ K[x] is called non-degenerate with
respect to its Newton polyhedron Γ(f), if it satisfies the following two proper-
ties: (i) Cf (K) = {0} ⊂ K
n; (ii) for every proper face γ ⊂ Γ(f), the critical
set Cfγ (K) of fγ(x) :=
∑
i∈γ aix
i satisfies Cfγ (K) ∩(K r {0})
m = ∅.
We note that the above definition is not standard because it requires that
the origin be an isolated critical point (see e.g. [6], [7], [29]). The condition
(ii) can be replaced by
(3.1) {x ∈ Km | fγ(x) = 0} ∩ Cfγ (K) ∩ (K r {0})
m = ∅.
If K has characteristic p > 0, by using Euler’s identity, it can be verified
that condition (ii) in the above definition is equivalent to (3.1), if p does not
divide the m(aγ) 6= 0, for any facet γ.
In [29] the author showed that if f is non-degenerate with respect Γ(f),
then the poles of
(
1− q−1−s
)
Z(s, f, χtriv) and Z(s, f, χ), χ 6= χtriv, have
the form
s = −
σ (aγ)
m(aγ)
+
2πi
log q
k
m(aγ)
, k ∈ Z,
for some facet γ of Γ(f) with perpendicular aγ , and m(aγ) 6= 0 (see [29,
Theorem A, and Lemma 4.4]). Furthermore, if χ 6= χtriv and the order of χ
does not divide any m(aγ) 6= 0, where γ is a facet of Γ(f), then Z(s, f, χ) is
a polynomial in q−s, and its degree is bounded by a constant independent of
χ (see [29, Theorem B]). These two results imply that for | z |K big enough
E(z, f) is a finite C-linear combination of functions of the form
χ(ac(z)) | z |λK (logq(|z|K))
γ ,
with coefficients independent of z, and with λ ∈ C a pole of
(1− q−1−s)Z(s, f, χtriv) or of Z(s, f, χ), χ 6= χtriv,
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and γ ∈ N, γ ≦(multiplicity of pole λ)−1 (see [5, Corollary 1.4.5]). Moreover
all poles λ appear effectively in this linear combination. Therefore
(3.2) |E(z, f)| ≦ C | z |
−βf+ǫ
K ,
with ǫ > 0, and
βf := min
τ
{
σ (aτ )
m(aτ )
},
where τ runs through all facets of Γ(f) satisfying m(aτ ) 6= 0. The point
T0 = (β
−1
f , ..., β
−1
f ) ∈ Q
m
is the intersection point of the boundary of the Newton polyhedron Γ(f)
with the diagonal ∆ = {(t, . . . , t) | t ∈ R} ⊂ Rm. By combining estimation
(3.2) and Theorem 2.1, we obtain the following result.
Theorem 3.1. Let f(x) ∈ K[x] be non-degenerate with respect to its New-
ton polyhedron Γ(f). Let B ⊂ Km a compact open subset. Then
|EB(z, f)| ≦ C | z |
−βf+ǫ
K ,
for any ǫ > 0.
We have to mention that the previous result is known by the experts,
however the author did not find a suitable reference for the purposes of this
article. If K has characteristic p > 0, the previous result is valid if p does
not divide the m(aτ ) 6= 0 [29, Corollary 6.1].
3.2. Exponential Sums Associated with Quasi-homogeneous Poly-
nomials.
Definition 3.2. Let f(x) ∈ K[x], x = (x1, . . . , xm) be a non-constant poly-
nomial satisfying f(0) = 0. The polynomial f(x) is called quasi-homogeneous
of degree d with respect α = (α1, . . . , αm) ∈ (N \ {0})
m, if it satisfies
f(λα1x1, . . . , λ
αmxm) = λ
df (x) , for every λ ∈ K.
In addition, if Cf (K) is the origin of K
m, then f(x) is called a non-
degenerate quasi-homogeneous polynomial.
The non-degenerate quasi-homogeneous polynomials are a subset of the
non-degenerate polynomials with respect to the Newton polyhedron. For
these type of polynomials the bound (3.2) can be improved:
(3.3) |E(z, f)| ≤ C |z|
−βf
K ,
where βf =
1
d
∑m
i=1 αi. By using the techniques exposed in [28, Theorem
3.5], and [29, Lemma 2.4] follow that the poles of
(
1− q−1−s
)
Z(s, f, χtriv)
and Z(s, f, χ), χ 6= χtriv, have the form
s = −
σ (α)
d
+
2πi
log q
k
d
, k ∈ Z.
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Then by using the same reasoning as before, we obtain (3.3). This estimate
and Theorem 2.1 imply the following result.
Theorem 3.2. Let f(x) ∈ K[x], x = (x1, ..., xm) be a non-degenerate
quasi-homogeneous polynomial of degree d with respect to α = (α1, . . . , αm).
Let B ⊂ Km be a compact open set. Then
|EB (z, f)| ≤ C |z|
−βf
K .
If K has characteristic p > 0, the above result is valid, if p does not divide
σ (α).
4. Fourier Transform of Measures Supported on
Hypersurfaces
Let Y be a closed smooth submanifold of Kn of dimension n− 1. If
(4.1) I = {i1, . . . , in−1} with i1 < i2 < . . . < in−1
is a subset of {1, . . . , n} we denote by ωYI the differential form induced on
Y by dxi1 ∧ dxi2 ∧ . . . ∧ dxin−1 , and by dσYI the corresponding measure on
Y . The canonical measure of Y is defined as
dσY = sup
I
{dσYI}
where I runs through all the subsets of form (4.1). Given S a compact
open subset ofKn with characteristic function ΘS, we define dµY,S = dµY =
ΘSdσY . The canonical measure dµY was introduced by Serre in [17]. The
Fourier transform of dµY is defined as
̂dµY (ξ) =
∫
Y
Ψ(− [x, ξ]) dµY (x) ,
where [x, y] :=
∑n
i=1 xiyi, with x, y ∈ K
n. The analysis of the decay of
̂|dµY (ξ)| as ‖ξ‖K := maxi {|ξi|K} approaches infinity plays a central role in
this paper. This analysis can be simplified taking into account the following
facts. Any compact open set of Kn is a finite union of classes modulo πe,
by taking e big enough, and taking into account that Y ∩ y + (πeRK)
n is
a hypersurface of the form
{x ∈ y + (πeRK)
n | xn = φ (x1, . . . , xn−1)}
with φ an analytic function satisfying
(4.2) φ (0) =
∂φ
∂x1
(0) = . . . =
∂φ
∂xn−1
(0) = 0,
(see [17, page 147]), we may assume that Y is a hypersurface of the form
xn − φ (x1, . . . , xn−1) = 0, with φ satisfying (4.2). In this case dσY (x) =
|dx1| . . . |dxn−1|, the normalized Haar measure of K
n−1.
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Finally we want to mention that if X = {x ∈ Kn | f(x) = 0} is a hyper-
surface then
dx1 . . . dxn−1∣∣∣ ∂f∂xn ∣∣∣K
is a measure on a neighborhood of X provided that
∣∣∣ ∂f∂xn ∣∣∣K 6= 0 (see [10,
Sect. 7.6]). This measure is not intrinsic to X, but if S is small enough,
it coincides with dµX = ΘSdσX for a polynomial of type f(x) = xn −
φ (x1, . . . , xn−1). The Serre measure allow us to define d̂µY (ξ) intrinsically
for an arbitrary submanifold Y .
Theorem 4.1. Let φ (x) ∈ RK [x] , x = (x1, . . . , xn−1), be a non-constant
polynomial such that Cφ(K) = {0} ⊂ K
n−1. Let dj(φ) be the degree of
φ with respect the variable xj , and let βφ := maxj dj(φ). Let ΘS be the
characteristic function of a compact open set S, let
Y = {x ∈ Kn | xn = φ (x1, . . . , xn−1)} ,
and let dµY = ΘSdσY . Then
(4.3)
∣∣∣d̂µY (ξ)∣∣∣ ≤ C ‖ξ‖−βK ,
for 0 ≤ β ≤ βφ − ǫ, with ǫ > 0.
Proof. By passing to a sufficiently fine covering we may suppose that
d̂µY (ξ) =
∫
(z0+πe0RK)
n−1
Ψ
(
−ξnφ (x)−
[
x, ξ′
])
|dx| .
By applying Theorem 6.1 of [4], we have∣∣∣d̂µY (ξ)∣∣∣ ≤ C (logq ‖ξ‖K)n−1 ‖ξ‖−βφK ,
and then ∣∣∣d̂µY (ξ)∣∣∣ ≤ C ‖ξ‖−βK , for 0 ≤ β ≤ βφ − ǫ, ǫ > 0.
It is important to mention that Cluckers’ Theorem 6.1 is established only
for Qp, however this result is valid for any p-adic field. Indeed, the proof of
this result is based on a result of Chubarikov [3, Lemma 3] whose proof uses
inductively an estimation for one-dimensional exponential sums due to I. M.
Vinogradov (see e.g. [1, Theorem 2.1]). The proof of this last estimation
as given in [1] can be adapted to the case of p-adic fields easily using the
notion of dilation as in [28]. 
The Cluckers’ result does not give an optimal decay rate, and then βφ is
not optimal (see also [30]).
Remark 1. If φ (x) =
∑n−1
i=1
aix
2
i , then the phase of d̂µY (ξ) around any
critical point has the form
∑n−1
i=1
a′ix
2
i . By using Theorem 3.2, one verifies
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that the decay rate around the point is n−12 , therefore Theorem 4.1 holds
for 0 ≤ β ≤ n−12 := βφ. If n = 1 and φ (x) = x
d, d > 1, the phase
of ̂dµY (ξ) around a critical point can take the form x
fp (x), 2 ≤ f ≤ d,
p (x) 6= 0 locally. By using the fact the real parts of the possible poles of
the corresponding local zeta functions have the form −1
f
, 2 ≤ f ≤ d, and
Theorem 8.4.2 in [10], one verifies that Theorem 4.1 holds for 0 ≤ β ≤
1
d
:= βφ.
In the case of real numbers the results described in the previous remark
are well-known (see e.g. [20]).
4.1. Restriction of the Fourier Transform to Non-degenerate Hy-
persurfaces. Let X be a submanifold of Kn with dσX its canonical mea-
sure. We set dµY,S = ΘSdσY , where ΘS is the characteristic function of a
compact open set S in Kn. We say that the Lρ restriction property is valid
for X if there exists a τ (ρ) so that∫
X
|Fg (ξ)|τK dµX,S (ξ)

1
τ
≤ Cτ ,ρ (S) ‖g‖Lρ
holds for each g ∈ S (Kn) and any compact open set S of Kn.
The restriction problem in Rn (see e.g. [20, Chap. VIII]) was first posed
and partially solved by Stein [8]. This problem have been intensively stud-
ied during the last thirty years [2], [20], [22], [27]. Recently Mockenhaupt
and Tao have studied the restriction problem in Fnq [15]. In this paper
we study the restriction problem in the non-archimedean field setting. More
precisely, in the case in which X is a non-degenerate hypersurface and τ = 2.
The proof of the restriction property in the non-archimedean case uses the
Lemma of interpolation of operators (see e.g. [20, Chap. IX]) and the
estimates for oscillatory integrals obtained in the previous section. The in-
terpolation Lemma given in [20, Chap. IX] is valid in the non-archimedean
case. For the sake of completeness we rewrite this lemma here.
Let {U z} be a family of operators on the strip a ≤ Re(z) ≤ b defined by
(U zg) (x) =
∫
Kn
Kz (x, y) g (y) |dy| ,
where the kernels Kz (x, y) have a fixed compact support and are uniformly
bounded for (x, y) ∈ Kn × Kn and a ≤ Re(z) ≤ b. We also assume that
for each (x, y), the function Kz (x, y) is analytic in a < Re(z) < b and is
continuous in the closure a ≤ Re(z) ≤ b, and that
‖U zg‖Lτ0 ≤M0 ‖g‖Lρ0 , when Re(z) = a,
‖U zg‖Lτ1 ≤M1 ‖g‖Lρ1 , when Re(z) = b;
here (τ i, ρi) are two pairs of given exponents with 1 ≤ τ i, ρi ≤ ∞.
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Lemma 4.1 (Interpolation Lemma [20, Chap. IX]). Under the above hypo-
theses, ∥∥∥Ua(1−θ)+bθg∥∥∥
Lτ
≤M1−θ0 M
θ
1 ‖g‖Lρ
where 0 ≤ θ ≤ 1, 1
τ
= (1−θ)
τ0
+ θ
τ1
, and 1
ρ
= (1−θ)
ρ0
+ θ
ρ1
.
Theorem 4.2. Let φ (x) ∈ RK [x] , x = (x1, . . . , xn−1), be a non-constant
polynomial such that Cφ(K) = {0} ⊂ K
n−1. Let
Y = {x ∈ Kn | xn = φ (x1, . . . , xn−1)}
with the measure dµY,S = ΘSdσY , where ΘS is the characteristic function
of a compact open subset S of Kn. Then
(4.4)
∫
Y
|Fg (ξ)|2K dµY (ξ)

1
2
≤ C (Y ) ‖g‖Lρ ,
holds for each 1 ≤ ρ <
2(1+βφ)
2+βφ
.
Proof. We first note that∫
Y
|Fg (ξ)|2K dµY,S (ξ) =
∫
Y
Fg (ξ)Fg (ξ)dµY,S (ξ)
=
∫
Kn
(Tg) (x) g (x) |dx|(4.5)
where (Tg) (x) = (g ∗ K) (x) with
K (x) =
∫
Y
Ψ([x, ξ]) dµY,S (ξ) =
̂dµY,S (−x).
The theorem follows from (4.5) by Ho¨lder’s inequality if we show that
‖T (g)‖
L
ρ′0
≤ C ‖g‖Lρ0
where ρ′0 is the dual exponent of ρ0. Now we define Kz (x) as equal to
γ (z)
∫
Kn
Ψ([x, ξ])
∣∣ξn − φ (ξ′)∣∣−1+zK η (ξn − φ (ξ′))ΘS (ξ′, φ (ξ′)) |dξ| ,
where γ (z) =
(
1−q−z
1−q−1
)
, ξ′ =
(
ξ1, . . . , ξn−1
)
, η (ξ) is the characteristic func-
tion of the ball P e0K , e0 ≥ 1, and Re(z) > 0. By making y = ξn − φ
(
ξ′
)
in
the above integral we obtain
Kz (x) = ζz (xn)K(x)
with
ζz (xn) = γ (z)
∫
K
Ψ(xny) |y|
−1+z
K η (y) |dy| , Re(z) > 0.
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On the other hand,
ζz (xn) =
{
q−e0z, if |xn|K ≤ q
e0 ;(
1−qz−1
1−q−1
)
|xn|
−z
K , if |xn|K > q
e0 ,
(for a similar calculation the reader can see [23, page 54]), then ζz (xn)
has an analytic continuation to the complex plane as an entire function;
also ζ0 (xn) = 1, and |ζz (xn)| ≤ c |xn|
−Re(z)
K where |xn|K ≥ q
e0 . Therefore
ζz (xn) has an analytic continuation to an entire function satisfying the
following properties:
(i) K0 (x) = K (x),
(ii) |K−β+iγ (x)| ≤ C, for every x ∈ K
n, γ ∈ R, and 0 ≤ β ≤ βφ− ǫ, ǫ > 0,
(iii) |FK1+iγ (ξ)| ≤ C, for ξ ∈ K
n, and γ ∈ R.
In fact (ii) follows from Theorem 4.1 , and (iii) is an immediate conse-
quence of the definition of Kz (x).
Now we consider the analytic family of operators Tz(g) = (g ∗ Kz) (x).
From (ii) one has
‖T−β+iγ (g)‖L∞ ≤ C ‖g‖L1 ,
for 0 ≤ β ≤ βφ − ǫ, ǫ > 0, and γ ∈ R, and from (iii) and Plancherel’s
Theorem one gets
‖T1+iγ (g)‖L2 ≤ C ‖g‖L2 ,
for γ ∈ R. By applying the Interpolation Lemma with
θ =
β
1 + β
,
we obtain
‖T0 (g)‖Lρ′ ≤ C ‖g‖Lρ ,
with ρ′ the dual exponent of ρ = 2(1+β)2+β , and 0 ≤ β ≤ βφ−ǫ, ǫ > 0. Therefore
the previous estimate for ‖T0 (g)‖Lρ′ is valid for 1 ≤ ρ ≤
2(1+βφ−ǫ)
2+βφ−ǫ
. 
Our proof of Theorem 4.2 is strongly influenced by Stein’s proof for the
restriction problem in the case of a smooth hypersurface in Rn with non-zero
Gaussian curvature [19].
5. Asymptotic Decay of Solutions of Wave-type Equations
Like in the classical case [22], the decay of the solutions of wave-type
pseudo-differential equations can be deduced from the restriction theorem
proved in the previous section, taking into account that the following two
problems are completely equivalent if 1
ρ
+ 1
σ
= 1:
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Problem 1. For which values of ρ, 1 ≤ ρ < 2, is it true that f ∈ Lρ(Kn)
implies that Ff has a well-defined restriction to Y in L2(dµY,S) with∫
Y
|Ff |2 dµY,S

1
2
≤ Cρ ‖f‖Lρ?
Problem 2. For which values of σ, 2 < σ ≤ ∞, is it true that the dis-
tribution gdµY,S for each g ∈ L
2(dµY,S) has Fourier transform in L
σ(Kn)
with ∥∥F (gdµY,S)∥∥Lσ ≤ Cσ
∫
Y
|g|2 dµY,S

1
2
?
5.1. Wave-type Equations with Non-degenerate Symbols.
Theorem 5.1 (Main Result). Let φ (ξ) ∈ RK [ξ] , ξ = (ξ1, . . . , ξn), be a
non-constant polynomial such that Cφ(K) = {0} ⊂ K
n. Let
(HΦ) (t, x) = F−1(τ ,ξ)→(t,x)
(
|τ − φ (ξ)|K F(t,x)→(τ ,ξ)Φ
)
, Φ ∈ S(Kn+1),
be a pseudo-differential operator with symbol |τ − φ (ξ)|K . Let u(x, t) be the
solution of the following initial value problem:
(Hu) (x, t) = 0, x ∈ Kn, t ∈ K,
u (x, 0) = f0 (x) ,
where f0 (x) ∈ S(K
n). Then
(5.1) ‖u (x, t)‖Lσ(Kn+1) ≤ A ‖f0 (x)‖
L2(Kn)
,
for
2(1+βφ)
βφ
< σ ≤ ∞.
Proof. Since
u (x, t) =
∫
Kn
Ψ(tφ (ξ) + [x, ξ])Ff0 (ξ) |dξ|
=
∫
Y
Ψ
([
x, ξ
])
Ff0
(
ξ
)
dµY,S(ξ),
where ξ=
(
ξ, ξn+1
)
∈ Kn+1, x= (x, t) ∈ Kn+1,
Y =
{
ξ ∈ Kn+1 | ξn+1 = φ (ξ)
}
,
and dµY,S = ΘSdσY , with ΘS the characteristic function of a compact open
set S containing the support of Ff0. By applying Theorem 4.2, replacing
n with n+ 1, and dualizing, one gets
(5.2) ‖u (x, t)‖Lσ(Kn+1) ≤ A ‖f0 (x)‖
L2(Kn)
,
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where σ = 2(1+β)
β
is the dual exponent of ρ in Theorem 4.2, and 0 ≤ β < βφ,
therefore (5.2) is valid for
2(1+βφ)
βφ
< σ ≤ ∞. 
5.2. Wave-type Equations with Homogeneous Symbols. In the cases
φ (ξ) = a1ξ
2
1 + . . .+ anξ
2
n and n = 1, φ (ξ) = ξ
d by using Remark 1 we have
the following estimations for the solution of Cauchy problem (1).
Theorem 5.2. If φ (ξ) = a1ξ
2
1 + . . . + anξ
2
n, then
‖u (x, t)‖
L
2(2+n)
n (Kn+1)
≤ C ‖f0 (x)‖
L2(Kn)
.
Theorem 5.3. If n = 1 and φ (ξ) = ξd, then
‖u (x, t)‖L2(d+1)(K2) ≤ C ‖f0 (x)‖
L2(K)
.
In particular if d = 3, then
‖u (x, t)‖L8(K2) ≤ C ‖f0 (x)‖
L2(K)
.
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